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We extend and apply a method for the numerical computation of convective and dif-
fusive mixing in liquid systems with very fast irreversible chemical reaction to the case
of unequal diffusivities. This approach circumvents the solution of stiff differential
equations and, hence, facilitates the direct numerical simulation of reactive flows with
quasi-instantaneous reactions. The method is validated by means of a neutralization
reaction which is studied in a T-shaped micromixer and compared with existing
experimental LIF-data. Because of their large are-to-volume ratio, microreactors are
well suited for fast chemical reactions which are seriously affected by the slow
diffusive transport in aqueous media. Numerical computations for different reactor
dimensions reveal the fact that, in a dimensionless setting, the obtained conversion is
independent of the reactor size, if the flow conditions are the same. This corresponds
to an increase of space-time-yield proportional to the square of the inverse scale
factor. © 2009 American Institute of Chemical Engineers AIChE J, 56: 1406-1415, 2010
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simulations

Introduction

The interplay between transport processes like convection
and diffusion with chemical transformations in real world
applications is highly complex. Most research work which
investigates reactive mixing focuses of turbulent flows.'?
Nevertheless, in the fields of highly viscous processing as
well as, more recently, microreactor engineering, reactive
mixing under complex but laminar flow conditions is an im-
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portant issue as well 3¢ Irrespective of the flow conditions,
the numerical simulation of reactive mixing in liquids with
finite rate chemistry according to

Oici +u-Ve; = I%SQAQ — %Dalcl’f €))
in case of a reaction of n-th order, say, is only possible if the
Damkdhler(I)-number is not too large. Otherwise, the system
(1) of differential equations would become extremely stiff.
Therefore, the numerical simulation of reactive mixing with
very fast chemical reactions requires special solution methods
in order to avoid unacceptably small time steps. In the limiting
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Figure 1. Photograph of a silicon chip with the etched micro channel (left).

The yellow rectangle denotes the computational domain. Physical dimensions of the computational domain (right). [Color figure can be
viewed in the online issue, which is available at www.interscience.wiley.com.]

case of quasi-instantaneous chemical reactions, i.e. in situa-
tions when the chemical reaction takes place on a time scale
which is several orders of magnitude smaller than those of the
transport processes, the stiffness of the corresponding system
of partial differential equations can often be removed by
passage to the limit of infinitely fast (i.e. quasi-instantaneous)
chemical reactions. The latter typically yields an excellent
approximation in case of, e.g., neutralizations or radical
reactions. The basic idea is to remove the source terms which
come from the fast reaction by means of an appropriate linear
combination of the involved species. This leads to fewer
equations, but this loss of information is compensated by the
additional fact that reactants which react in an instantaneous
reaction cannot coexist on the level of local concentrations.
With this approach, the changes in species concentration are
finally modeled by solving a scalar transport equation which
describes the difference between the molar concentrations of
both reactants. This equation does no longer contain the
reactive source terms which cause the large stiffness. Because
of the fact of non-coexistence of the reactants, the computed
scalar field represents both reactants simultaneously. Hence,
this approach allows for simulation of reactive mixing in
complex flows with very fast chemical reactions. In principle,
this approach has already been used in Toor and Chiang’ for
theoretical purposes. Two decades ago it has been employed to
study diffusion-limited reactions in lamellar systems with
diffusion acting normal to the lamellae.>'" In all papers
mentioned above the reacting species are assumed to have the
same diffusivity which allows reducing the considered
reaction-diffusion systems to the diffusion equation which is
analytically treatable. Just recently, this approach has also
been applied for the simulation of infinitely fast reactions in a
3D open Stokes flow,'? where again equal diffusivities are
assumed. Especially for numerical studies, this rather
restrictive assumption is not needed and we do not impose it
here.

Since very fast reactions will usually occur as a part of
larger systems in which the products undergo consecutive
chemical reactions, we include in our approach a way to
calculate the local distribution of the generated products. For
this purpose the source term describing the fast (instantane-
ous) chemistry, which still appears within the transport equa-
tion of the product, is replaced by the equivalent local net
transport of one of the reactants. This extends our previously
reported results."?
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Although the theoretical considerations are independent of
a specific reactor type or a certain type of flow, we perform
the numerical simulations for a T-microreactor with station-
ary but complex laminar flow. The considered engulfment
flow regime shows good convective mixing in cross sec-
tional directions because of the superimposed secondary
flow.'*!> Because of the well-defined operational conditions
in microchannels, such systems allow for experimental vali-
dations. The specific type of a T-shaped microreactor is, on
one side, a prototype of a simple mixer and on the other
side a junction element often involved in more complex
micro-systems. Figure 1 displays the investigated T-micro-
reactor. More information on non-reactive mixing in such T-
microchannels at various flow regimes can be found, e.g., in
Bothe et al.'*'> and in Dreher et al.'®

Mathematical Model

Using appropriate boundary conditions, the Navier-Stokes
equations provide the velocity field for the convective
species transport in an incompressible Newtonian liquid. In
non-dimensional form these read as

1
V-u=0, atu—i-u-Vu:—Vp—i-R—Au. 2)
e

The time dependent variations of molar species concentra-
tions of an irreversible chemical reaction of second order,

k—o00

A+B=2 P,

are described by three reaction—convection—diffusion equa-
tions. Each of them represents the balance of species mass and
includes a source term representing the chemical reaction. In
case of mass action kinetics, the source term is modeled as the
product of the molar concentrations of the reacting species, the
rate constant and the species specific stoichiometric coeffi-
cient. This leads to the system

dp
0, .Vea = Acy ——D 3
hea +u-Vea Re Sen ca = Dacacs, )
Oicg +u - Ve = Acg — @DGICACBy “)
Re Scg L
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- Vep = Acp — D . 5
&CP +u VCP Re SCP cp L A1CACB ( )
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U d, v k Le™!
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denote the Reynolds, Schmidt and Damkdohler number,
respectively.

Since the rate constant tends to infinity in the limit of an
instantaneous reaction and furthermore the diffusive trans-
port is slow due to the viscosity of the solvent, the underly-
ing differential equations become too stiff to solve them
with standard methods in a direct numerical simulation. In
such systems in which the time scale of transport processes
is much larger than the time scale of the chemical reaction
(quasi-instantaneous reaction), the reduction of the set of
equations as already introduced in Toor and Chiang’ is a
useful alternative for diffusion-controlled irreversible reac-
tions. For this purpose a new equation is obtained by taking
the difference between the transport equations for both reac-
tants. This results in the single transport equation

0¢+u-V=V-(D(9)V) N
with

¢ = CA — CB.- (8)

Because of the infinite speed and the irreversibility of the
reaction, the species A and B cannot coexist. Consequently,
ca-cg = 0 and, hence, at every point one of them is always
zero. Thus solving the equation for ¢ eventually yields cx
and cg by means of the relations

ca =max{¢$,0} and c¢p = max{—¢,0}. )

The elimination of the reaction term as explained above
yields a pure transport problem which, by means of adapted
grids and parallel computing, can be solved numerically
under resolution of all involved length scales. Note that dif-
ferent diffusivities for the involved species are allowed
because the diffusion coefficient in Eq. 7 may depend on the
transported scalar ¢. Let us note in passing that the model
reduction explained above can be verified by means of rigor-
ous mathematical arguments. Here, let us just mention that
integrating of Eq. 3 or 4 over the domain V where the chem-
ical reaction occurs, dividing by Da; and letting Da; go to
infinity (corresponding to k—o0) yields

/cAchV:O. (10)
14
Consequently, ca-cg = 0 as both concentrations are

nonnegative. This is the key point in passing from the
convection-diffusion-reaction Eqgs. 3 and 4 to the pure trans-
port Eq. 7.

Here, this approach to simulate chemically reacting flows
with very fast reactions is applied to the neutralization of
aqueous solutions of hydrochloric acid and sodium hydrox-
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ide. Because of its rate constant of k = 10! L/(mol s) it is
possible to treat this reaction as a quasi-instantaneous one.
Furthermore, this reaction allows for an experimental investi-
gation since fluorescent tracers are available which are able
to detect one of the reactants — the hydroxyle ions or the
protons. For experimental validation using micro-LIF techni-
ques, fluorescein has been chosen as a fluorescent indicator
for the hydroxyle ions. Incorporation of this dye as an addi-
tional species in the simulations permits the direct compari-
son of the results from a simulation with the experimental
data. In fact, as fluorescein will not be homogeneously dis-
tributed in the liquid, its concentration has to be accounted
for in the numerical simulation.

Introducing fluorescein as a pH indicator, the investigated
chemically reacting system does no longer consist of a single
reaction, but is a system of several parallel reactions. Still,
also in this more complex system, the neutralization reaction
between hydrochloric acid and sodium hydroxide can be
considered as an irreversible reaction of second order, i.e.

H* + OH - H,0.

Both ions react with the fluorescent dye, too. The
occurring chemical reactions are

k
H* + H,Fl ;{:) HsFI*

—1

(Kl _ 10722)7

53
H,Fl+OH™ = H,O 4+ HFlI™ (K, = 107%4),

b 2 6.5
HF1~ +OH_k—> H,O +FI©~ (K3 =107°7).
-3

The values given in brackets for the equilibrium constants
K, are taken from Guyot et al.'” The reaction between the
hydroxyle group and fluorescein is a deprotonation of the
fluorescent dye resulting in a measurable fluorescence signal
which indicates a high pH-value due to a local excess of
OH™. The experimental measurements have been performed
in Hoffmann et al.'® by injecting an aqueous mixture of fluo-
rescein with HCI in one of the inlets of the T-microreactor.
The alkaline solution has been given into the micro-reactor
via the other inlet. For this system, the balance equations for
the involved chemical species read as

Ocyr + V- jyr = —keyrcon- — 11 (11)

a,COH* + \% ‘jOH’ = —kCHJrCOH* — I —I3 (12)

Ocyp + Vo dumt =11 (13)
Ocmp +V jyp = —r1—12 (14)
Ocup +V jup- =12 —13 (15)
Ocpp- +V jp- =13 (16)
with the fluxes
Jji=uci —DiV¢; (17)

and the reaction rates
r = kchJrCHzFl — kfl(,‘H3F1+, (18)
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12 = kacp,picon — k_acurr, (19)

Iy = k3CHFl’ COH™ — k_3CF12— - (20)

Here, k is the rate constant of the neutralization reaction,
k; and k_; are the rate constants of the forward and back-
ward steps of the reversible reactions, and D; denotes the
diffusion coefficient of the i-th component. Diffusion coeffi-
cients were taken from Newman.'” In the rate functions in
Egs. 18 and 19 the species water was neglected as a reac-
tant since it is the solvent and, hence, present in large
excess.

Since the concentration of the fluorescent dye is about
1000 times smaller than the concentration of acid and base
in the experiments, the source term corresponding to the flu-
orescein reactions can be neglected. Under this assumption,
Eqgs. 11 and 12 are simplified to

6,cH+ + V- jH* = _kCH+COH’7 21
8,c0H— +V 'jOH’ = —kCHJrCOH* . (22)

Guyot et al.'” found that the neutral as well as the two
deprotonated forms of fluorescein show fluorescence where
the highest quantum yield of # = 0.92 is provided by the
doubly charged ion FI°~. The quantum yield of HF1™ is sig-
nificantly smaller with n = 0.26, respectively n = 0.14 for
the uncharged form. Miinsterer and Jihne®® considered only
the first and second deprotonated forms when they set up the
relation between the extinction and the concentrations of flu-
orescein as

M o Nyp- €HFI- CHFI™ + M- 8- Cppe-- (23)

This relation is suitable within the pH range from pH = 4
to pH = 8 in which they performed their experiments. In the
present case, experiments and simulations have been per-
formed within a pH range from pH = 1 to pH = 13 and,
hence, all forms of fluorescein can occur. Several forms of
fluorescein contribute to the measured fluorescence signal
and the contribution of each individual form depends on the
local pH value. Unfortunately, it is impossible here to distin-
guish the individual fluorescent contributions in the measure-
ment of the fluorescent signal. To overcome this problem,
we sum up the local concentrations of all forms of fluores-
cein. This leads to the total concentration of fluorescein, ¢y,
given as

CFl = CH,F + CH,FI + CHRI~ + Cgp-- 24)

Now, because the protonation and deprotonation of
fluorescein are very fast chemical reactions, we may
assume local equilibrium of the different forms of fluores-
cein, where the equilibrium concentrations of course depend
on the local pH value. On the basis of the given equilib-
rium constants and the mass action law for each reaction,
the local composition regarding the different forms of fluo-
rescein can be calculated from the overall concentration
cr. Then the local intensity of the fluorescent signal is
given by
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I= a(’?mmm e T nFIZ’)CFh (25)
10 PHE K KiK. K
a1+ oKy KKy 3 26)

102(pH—14)K1 102(pH-14) 10(pH-14)

Summation of Eqs. 13-16 leads to a single transport equa-
tion for the total fluorescein concentration, given as

Oicp +V 'jFl =0. (27)

Note that no reaction term appears in Eq. 27 because the
sum of all partial reactions of fluorescein is zero. In our nu-
merical simulations we then assume that the molecular flux
of the total amount of fluorescein can be well approximated
by Fick’s law with an effective diffusivity. For the latter, the
value of 3.67 x 107'° m%/s has been chosen which is taken
from Miinsterer and Jihne.?

Having performed these model reductions, it is now possi-
ble to follow the approach outlined above. For this purpose
we define the quantity ¢ as

(]5 = COH™ — Cyt (28)

in order to model the neutralization of the acid and the base.
Since the concentrations of the reactants are normalized by the
inlet concentrations, the values of ¢ lie within the interval
[—1, 1], where ¢ < O represents the local existence of H',
respectively ¢ > 0 the occurrence of OH . By taking the
difference of Eq. 20 and, Eq. 21 we obtain Eq. 7 for ¢. The
diffusivities of the leach and the acid are not equal (Sc¢ = 300
for the pair H*/Cl™ and Sc = 470 for Na*/OH "), hence the
diffusion coefficient for the scalar ¢ depends on the value of ¢
according to

Dnaon for ¢ >0,

for ¢ < 0. (29)

Dycr

p9) - {

While the approach given above is well suited for computing
the reactive mixing of two reactants in an instantaneous reac-
tion, it will not give the product concentration. Furthermore,
local mass conservation of the reaction cannot be used to calcu-
late the local product distribution directly from the current val-
ues of the reactant concentrations due to diffusive and convec-
tive transport processes. Consequently, since the local product
concentration needs to be known in case of consecutive reac-
tions, it remains to solve the stationary reaction-convection-dif-
fusion Eq. 5. But in Eq. 5 the stiff reactive source term appears
which has elsewhere been eliminated in the current approach.
Note that the kinetic term is localized at a small layer around
the interface between the reactants; it is even only active on this
interface in case of an instantaneous reaction. To circumvent
this problem, we use one of the reactant transport equations in
order to replace the kinetic term by the net transport of this reac-
tants. Under stationary conditions, the concentration field of the
product is therefore determined from

1 1

= Acy —u-Ve 30
Re Scp » Re Sca Ca— 1 Vea, (30)

u-Vep —
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where the concentration c of species A is obtained from the
scalar variable ¢ by means of Eq. 8. The right-hand side of Eq.
30 is calculated for each cell that contains a part of the reaction
front (corresponding to a sign change of ¢) and implemented
as a source term. To ensure a complete resolution of all
involved length scales, we execute our simulations on an
adaptively refined grid, where all those cells in which high
gradients of ¢ are found are several times refined. The
numerical simulations are performed with FLUENT® (Ansys,
USA). Since this CFD-solver cannot handle hanging nodes for
the calculation of the right-hand side in*® inside user-define
routines, we were only able to use this approach for the
computation of product concentrations on uniform grids,
where we employed Finite Differences to calculate the
gradients in.*

Numerical Setup

The numerical calculations were carried out for a T-
shaped micromixer with rectangular cross sections. The ge-
ometry is based on a silicon etched channel as shown in
Figure 1 (right). The entire mixing channel has a length of
14 mm, both inlet channels have a length of 8 mm. The
channel depth and width vary between different T-micro-
mixers used in these investigations. In the default configura-
tion, all parts of the channel have a depth of 100 um. The
width of each inlet channel is 100 um and that of the mix-
ing channel is 200 pm. For the computational domain, the
inlet channels are shortened to have a length of 300 um.
Preliminary calculations have also shown that a reduced
length of 1500 pum for the mixing channel is sufficient to
avoid back effects of the outlet boundary conditions on the
flow inside the mixing zone. A correspondingly reduced
domain as shown in Figure 1 (left) is used in the numerical
simulations. This allows for a further enhancement of the
grid resolution, where the 3D grid consists of cubic cells.
This computational domain contains in particular the
complete mixing zone of the T-shaped microreactor, where
efficient mixing occurs by convection in cross-sectional
directions. This mixing zone extends up to about 500 um
into the main channel for the standard mixer geometry (i.e.,
with 100 x 200 um” mixing channel).

A fully developed Poiseuille-type velocity profile for flow
in a channel of rectangular cross-section is used as a Dirich-
let boundary condition for both inlets,'* combined with a
pressure boundary condition at the outlet. At fixed walls we
use the no-slip boundary condition. Using these boundary
conditions, the Navier-Stokes equations are solved without
any additional model or assumption for an incompressible
Newtonian solvent to obtain the velocity field which
provides the basis for convective species transport.

The numerical simulations were carried out with the com-
mercial CFD-software FLUENT 6.2 which numerically sol-
ves the incompressible Navier-Stokes equations together
with additional scalar transport equations. The discretisation
employs the Finite Volume Method for a block-structured
grid composed of about 9 million cubic cells. To account for
species which undergo chemical reactions of finite speed, a
scalar transport equation with appropriate source term is
solved for each such reactant. At the inlet a homogeneous
distribution of the reactants is prescribed by means of a cor-
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responding inhomogeneous Dirichlet boundary condition. At
fixed walls as well as at the outlet, a homogeneous Neumann
boundary condition is applied. Quasi-instantaneous irreversi-
ble chemical reactions are included using the approach
described in the “Mathematical Model” section above. This
amounts to solve the transport Eq. 7 with state-dependent
diffusivity. For this purpose, the current local diffusivity
according to the sign of the variable ¢ is assigned to each
computational cell prior to the diffusive transport step. From
these cell-specific diffusivities, face-specific diffusion coeffi-
cients are computed using harmonic means; cf. Patankar.?!
Let us note in passing that Eq. 7 can be written as the
nonlinear diffusion equation, also called filtration equation,

0¢ — AF(¢) +u -V =0, 31

where, F satisfies F'(r) = D(r). While the gradient of ¢ will
have a jump at the reaction front where ¢ = 0, the flux given as
—VF(¢) is continuous there in the generic case; see Vazques22
for more information on the filtration equation and Tonegawa23
concerning regularity results for systems with state-dependent
diffusivity. Therefore the numerical solution of Eq. 7 or Eq. 31
can be done with standard Finite Volume techniques as
explained above. The proof of principle, showing that the
combination of Eq. 7 with Eq. 30 enables the computation of
both the distribution of reactants and of the product has been
provided®* for a single quasi-instantaneous reaction of type

k—o0

A+B — P.

Figure 2 presents the resulting profiles on a cross section
of the microchannel in the complex but stationary engulf-
ment flow; the latter is illustrated by the streamlines shown
in Figure 3 below. In the left part of Figure 2 the distribu-
tion of the scalar ¢ on a cross-section inside the mixing
zone is shown. In this computation, the inlet concentrations
were normalized to dimensionless values of +0.5 and —0.5,
respectively. The plot clearly displays large still unmixed
regions of pure reactants, separated by the reaction front
where ¢ takes the value zero. The right part of Figure 2
shows the product distribution on the same cross-section. As
to be expected, the product is only present close to the reac-
tion front. The different values along this front are explained
by different speeds of the fluid particles at different loca-
tions. Hence there is locally a different time available for
the chemical reaction up to this point is the channel.

In our subsequently described numerical simulations of the
full chemical system from the “Mathematical Model” section
above, the computation of the product distribution is omitted
because the generated product water cannot be measured since
water, being the solvent, already is the main component.

Results

Due to usually short residence times in microreactors,
mixing has to be fast in order to enlarge the contact area
between chemically reacting species. While turbulent flow
provides fast convective mixing, it requires high energy
input resulting in large pressure drops especially for micro-
systems. Laminar velocity fields with secondary flow exhibit
lower pressure drops but can still significantly promote con-
vective mixing. In addition, such flows provide defined flow
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Figure 2. Distribution of the scalar variable ® (right) and of the product from a neutralization (left) on a cross-
section at the beginning of the mixing zone (z = 250 um, Re = 186).
[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

conditions. Therefore stationary laminar flows with second-
ary flow patterns are important for applications in microreac-
tors. For the specific reactor geometry considered here (cf.
Figure 1, left), three different stationary flow regimes can be
observed up to a Reynolds number of about 240 at which
time-periodic flow phenomena set in.'*'® At Reynolds num-
bers below 40, strictly laminar flow behavior occurs without
secondary flow. Then, for 40 < Re < 138, the so-called vor-
tex flow regime exhibits secondary flow in form of a double
vortex pair. These vortex pairs are formed due to centrifugal
forces because the inlet streams turn around the corners from
the respective inlet into the mixing channel. The mechanism
behind is a centrifugal instability as known from the occur-
rence of so-called Dean-vortices for flow through a bend.
The symmetry with respect to the symmetry plane perpen-
dicular to the inlet channels is destroyed if the Reynolds
number exceeds Re = 138. In this case fluid elements reach
the opposite side of the mixing channel, as illustrated by the
streamlines displayed in Figure 3, resulting in good cross-
directional mixing. Consequently, among these stationary
laminar flow conditions the engulfment flow is the most
effective one and leads to a rapid increase of the contact
area between the two inlet flows. For more information on
the obtained quality of mixing and scale of segregation in
this T-microreactor see Bothe et al.'?

Using the numerical approach described above, the numer-
ical simulation of a neutralization reaction between hydro-
chloric acid and sodium hydroxide has been performed on a
Cartesian grid of 9 million cubic grid cells. The local fluo-
rescent signal intensity at the local pH-value is computed in
each cell by using Eq. 24. For the computation of the chemi-
cal reaction, the acid/base system (represented by the passive
scalar ¢ from Eq. 7 and the fluorescent dye are injected into
the opposite inlet channels.

The concentration distribution of the fluorescence dye
from our simulations has been qualitatively compared with
experimental data of our cooperation partner at the IUV Bre-
men (Prof. Rdbiger, Dr. Schliiter). For this purpose, a micro-
reactor with an aspect ratio of 0.45 with a channel width of
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600 pum and a height of 270 um is used both in the experi-
ments and in the simulations. Since the measurements are
carried out with confocal microscopy, which collects the flu-
orescence signal from a given measurement volume of fixed
size, the enlarged dimensions have the advantage of a higher
relative resolution (i.e., a larger number of pixels per chan-
nel cross section) in the experimental measurements. The
Reynolds-number for which the experimental data has been
measured is Re = 250. Figure 4 (bottom) shows the experi-
mentally obtained fluorescent signal intensity on a cross sec-
tion at 250 um down the mixing channel (cf. Hoffmann
et al. '®). The measurement corresponds to a Reynolds num-
ber of 250 and the above mentioned channel geometry.

In the same figure (Figure 4, top) the result of the numeri-
cally obtained species distribution is displayed. In the
numerical simulations the grid is adaptively refined in sev-
eral steps during the calculation to obtain a sufficiently high
resolution in those regions where steep gradients of the sca-
lar ¢ occur. This way the scalar quantities were resolved
with local cell size of about 2 um near the reaction front for
cross-sectional channel dimensions of 600 x 270 um. The
result of this simulation is grid independent in the sense that
a further local refinement does not reveal additional struc-
tures in the solution. As mentioned above, the distribution of
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Figure 3. Streamlines at the beginning of the mixing
zone (Re = 149).
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Figure 4. Numerically (top) and experimentally (bottom)
obtained signal intensity of the fluorescence
tracer on a cross section at 250 um down the
mixing channel.

two passive scalars with different diffusivities is computed
in order to capture the system of chemical reactions. Here,
one scalar represents the distribution of both HCl and
NaOH, while the other one represents the distribution of flu-
orescein. The resulting signal intensity is determined by Eq.
25. The comparison between experiment and simulation
shows a very good overall accordance. It can also be seen

that even small isolated structures are captured in the numer-
ical computation.

For a mean velocity of 2.0 m/s (Re = 250), Figure 5
shows the pH-distribution (left), the distribution of the dye
(middle) and the corresponding fluorescence signal intensity
(right) on a cross section on half of the height of the mixing
channel. The fluorescence signal occurs only in those
regions, where both the fluorescence dye (fluorescein) and a
high pH-value are present. Due to the fact that the two sca-
lars have different Schmidt numbers (diffusivities) of 300
and 470 for HCI and NaOH, respectively, and approximately
3600 for the dye, small differences in their distributions
occur. These small differences lead to the highly asymmetric
fluorescence signal in Figure 5 (right).

In further simulations with the standard geometry as
describes above, the signal intensities of the dye are obtained
for a mean velocity of 0.9 m/s (Re = 120) and 1.2 m/s (Re
= 160). In addition to the signal intensities, the conversion
of the neutralization reaction is evaluated on single cross
sections along the mixing channel. Furthermore, the specific
contact area between the acid and the base is evaluated on
each of the investigated cross sections. The specific contact
area is obtained by means of the expression'*

1
o [ISF v with =/ G
In Eq. 32 the integrand is the Euclidean norm of the gra-
dient of the normalized scalar. In the present case of a segre-
gated system in which f changes from —1 to +1 across a
small layer around the reaction front, the quantity in®? is an
excellent approximation of twice the area of the front per
total volume. Here, the computations are done for cross

Figure 5. Simulated quantities on the cross-section at half of the height of the mixing channel.
pH-value distribution (left) in the range of pH 3 (black) and pH 11 (white), the distribution of fluorescent (middle) and the signal intensity

(right). Re = 250, mixing channel aspect ratio = 0.45.
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Figure 6. Conversion and contact area along the mix-
ing channel for different mean velocities.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

sections in which case Eq. 32 yields the specific length of
the line of the reaction front.

Figure 6 displays the achieved conversion as well as the
contact area for two different laminar flow regimes. The
contact area is the region in which the reactants of the
quasi-instantaneous reaction meet each other and, hence,
where the product is formed. It can be seen that slow gener-
ation of contact area in case of small Reynolds numbers
leads to a weak conversion. In contrast, high Reynolds
numbers lead to enhanced conversion.

Scaling Effects

For given geometrical similarity, the flow behavior is
solely determined by the Reynolds number regardless of the
dimensions of the device, if the in- and outlet conditions are
scaled correspondingly. For the complete system of model
Egs. 1 and 2, hydrodynamical and physico-chemical similar-
ity cannot be achieved simultaneously for reactors of differ-
ent size. Note that for fixed ratio d/L not both numbers—the
Reynolds number and the Damkohler number - can be kept
fixed while changing the size:

Re' = Re,

Sc' =Sc, but Daj = *Day. (33)

If all lengths are changed by a factor 2 << 1 while Re is
kept fixed, then L' = A L, d}/ = A d), and U = U/A. The
resulting dimensionless species equations read as

1

dy
Ac; + 22 Dagc”. 34
Re S¢;, it P 34

Oci+u-Ve; =

Scaling down the reactor dimensions significantly reduces
the characteristic times of the transport processes relative to the
(fixed) time scale of the chemical reaction. Hence, in particular,
quasi-instantaneous chemistry is maximally affected by trans-
port limitations. Therefore the change of the reactor dimensions
leads to a shift in the range of accessible reaction times, i.e. cer-
tain reactions that are too fast to be performed in a macro-scale
reactor can be accomplished in micro-scale systems.
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Figure 7. Conversion of reactants in the neutralization
reaction, Re = 186.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

To investigate such scale effects on the interplay between
transport processes and chemical reactions, three geometri-
cally similar T-microreactors have been studied in the
engulfment flow regime at Re = 186. The smallest one is
denoted T-200 with dimensions of 200 um for the width,
100 pm for the high and 20 mm for the length of the micro-
channel. In addition, two scaled versions of this microreac-
tor, abbreviated as T-400 and T-600, are used the dimen-
sions of which are two, respectively three times larger. The
studied chemical reaction is an irreversible and instantaneous
reaction between reactants A and B to form one or more
products. As expected from the general considerations above,
it turns out that also in a microreactor this reaction is still
limited by the transport processes. Due to the small diffusion
time, the T-200 microreactor provides the highest conversion
as can be seen in Figure 7. Here the conversion C, of reac-
tant A at an axial position z is defined as

Ca =1 —i"(z)/nld (35)
with nQ"(z) being the flux of reactant A in outflow direction
through the cross section at a given axial position z.

If the scaling behavior of the dimensions is taken into
account, i.e. if the conversion is plotted against a rescaled
axial position as shown in Figure 8, it turns out that all three
reactors provide the same conversion. This is reasonable
since the reaction is limited by the diffusive transport and
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. T400 ——T200
0.0 T T T 1
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Figure 8. Conversion of reactants taking scaled axial
position into account, Re = 186.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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this is especially true for an instantaneous chemical reaction.
Indeed, in the limiting case of an instantaneous reaction, the
conversion is completely determined by the solution of Egs.
2 and 7. Now Eq. 7 shows the same invariance under re-
scaling of the dimensions as Eq.1 without chemical reaction.
Therefore the conversion as a function of the scaled axial
coordinate is not influenced by the reactor dimensions if the
channel geometry as well as the Reynolds and Schmidt num-
ber are kept constant. Transforming the solutions back into
the original dimensional system, this implies an increase of
the space-time-yield proportional to 472, To see the latter,
recall that for a continuous process the space-time-yield is
defined as the rate at which product leaves the reactor by the
reactor volume. In our case this is given by

1
m / cpu - NdA, 36)

Aout

where, P denotes the product. From the above line of
arguments it follows that cp stays constant, while u scales
with A~'. Together with the obvious scaling of area and
volume, the stated proportionality follows.

Conclusions

The employed method approximates the reactive liquid
mixing with convection, diffusion and fast irreversible reac-
tion by means of passage to a quasi-instantaneous, i.e., infin-
itely fast reaction which can then be eliminated from the
system. This approach is well-suited for realistic fully 3D
numerical simulations as shown by comparison with existing
experimental data for the neutralization of hydrochloric acid
and sodium hydroxide performed in a T-microreactor. Using
this chemical reaction as an example we are able to show
that down-scaling of the reactor dimensions leads to signifi-
cantly enhanced conversion and space-time-yield. The
observed scaling effect underlines the potential of microreac-
tors to intensify processes with fast reactions.

An important additional feature of our approach is the
possible computation of the generated product concentration.
This is obtained from mass flux calculations where the reac-
tive source term is again eliminated. Hence the overall
approach allows for the computational analysis of more
complex reaction systems in which the product of a fast irre-
versible reaction undergoes consecutive chemical transforma-
tions. This enables investigations of the performance of, e.g.,
microreactors for chemical engineering purposes in the case
of fast chemistry. These fast reactions are limited by trans-
port processes, an effect which is especially strong if the
reactions are performed in macro-systems. Using the limiting
case of quasi-instantaneous reactions, numerical simulations
will help to identify measures which are most effective to
reduce the transport limitations.
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Notation

= molar concentration
conversion

diffusion coefficient
diameter
equilibrium constant
rate constant
intensity

length of the microchannel
extinction

order of the reaction
molar flux

pressure

= rate of a chemical reaction
= time

= mean velocity

= axial coordinate

= velocity vector

= flux vector

= Damkohler number
Reynolds number

= Schmidt number
extinction coefficient
¢ = scalar

A = scaling factor

1 = quantum yield

v = kinematic viscosity
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Subscripts

i = species number
h = Hydraulic
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